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'^. Abstract 

^ . We discuss two different configurations of f/pMNS = UJU^ with maximal mixings in both 
Ug and Uiy. The non-maximal mixing angles are assumed to be small, which means that 
they can be expanded in. Since we are particularly interested in the implications for CP 
>• ' violation, we fully take into account complex phases. We demonstrate that one possibility 
^ ■ leads to intrinsically large sin^ 29i^ and strong deviations from maximal mixings. The other 
i/S ■ possibility is generically close to tri-bimaximal mixing, and allows for large CP violation. We 
demonstrate how the determination of the 623 octant and the precision measurement of 6cp 
^ I could discriminate among different qualitative cases. In order to constrain the unphysical 
QQ I and observable phases even further, we relate our configurations to complex mass matrix 
O ■ textures. In particular, we focus on phase patterns which could be generated by powers of a 
single complex quantity 77 ~ ^c* exp(2$), which can be motivated by Froggatt-Nielsen-like 
K^ ! models. For example, it turns out that in all of the discussed cases, one of the Majorana 
H I phases is proportional to $ to leading order. In the entire study, we encounter three different 
classes of sum rules, which we systematically classify. 
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1 Introduction 

For Majorana neutrinos and the effective 3 x 3-case, the neutrino mass matrix can be 
diagonahzed by (here, we closely follow Refs. [1-3]) 

M^"'^ = UuMf^^U^ , (1) 

and the charged lepton mass matrix by 

Mi = U,Mf^^U',\ (2) 

where Uy, Ue, and t/^ are general unitary matrices. The (real) eigenvalues can be written 
as M/^^ = dia.g{me,mfj^,mT-) and M^^^^ = dia.g{mi,m2,m3), and are, except from the 
absolute neutrino mass scale, experimentally known. The neutrino mixing matrix t/pMNS is 
generated as a product of two matrices Ui and t/j, which enter the charged current interaction 
Lagrangian, i.e., f/pMNS = UJUi,. Therefore, t/pMNS describes the relative rotation between 
the charged lepton Ug and the neutrino mixing Uu matrices, which turn the left-handed 
fields into the respective mass bases. Note that the mass matrix entries usually emerge as a 
product of the relevant Yukawa couplings and the vacuum expectation value of the Higgs. 
In addition, note that once the neutrino masses are known, the Majorana mass matrix M^^^ 
can be reconstructed from Ui, according to Eq. ([1]). However, for the charged lepton mass 
matrix, an additional mixing matrix U'^ turning the right-handed fields appears. Therefore, 
there is much more freedom involved in the reconstruction of Mi, and we hence do not 
discuss specific structures for M^. 

While the physical observables in ?7pmns a^^e independent of the basis used for Eqs. ([T]) 
and ([2]), theoretical models often use the structure of the mass matrices as a starting point. 
These structures are often called "textures". They are obviously basis dependent, and often 
predicted within a more general theoretical framework. For example, masses for quarks and 
leptons may arise from higher-dimension terms via the Froggatt-Nielsen mechanism [4] in 
combination with a flavor symmetry: 

£eff ~ K.J (H) r/"- ^l^jj + h.c. . (3) 

In this case, ?7 is a small parameter r] = v/Mp which controls the flavor symmetry breaking. 
Here v are universal VEVs of SM (Standard Model) singlet scalar "flavons" that break the 
flavor symmetry, and Mp refers to the mass of super-heavy fermions, which are charged 
under the flavor symmetry. The SM fermions are given by the \l/'s, and Kij are order 
unity (complex) numbers. The integer powers riij are solely determined by the quantum 
numbers of the fermions under the flavor symmetry (see, e.g., Refs. [3,5]), and the order 
one coefficients Kij can be used to fit a particular texture to data. Obviously, the neutrino 
and charged lepton mass matrices in Eq. ([T]) and Eq. ([2]) are then, to a flrst approximation, 
described by the powers Mij oc 77^", and Ui or Ui, will, in general, not he diagonal. Therefore, 
large mixings may come from either the charged lepton or neutrino sector, as it has, for 
instance, been discussed in Refs. [6-12]. In this study, however, we discuss large mixing 
angles in both Ui and U^, which lead to "entangled" maximal mixings (see also Ref. [13]). 
In addition, it is obvious from Eqs. ([1]) and ([2]) that if M^^J and M^ are both real, then 



f^PMNS will be real and there will be no leptonic CP violation. Therefore, we study the full 
complex case. 

Entangled maximal mixings. In the first part of the study (c/., Sec. |3]), we use the 
standard parameterization for a CKM-like matrix 



U 



I C12C13 S12C13 Siac ' \ 

-S12C23 - Ci2S23Sl3e^'^ C12C23 - Si2S23Si3e'^^ S23C13 
\ S12S23 - £120235136"^ -C12S23 - Si2C23Si3e'^ C23C13 / 
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for both f/f and Uy, where Sij = sin 6ij and Cij = cos 6ij. We adopt the purely phenomeno- 
logical point of view that a number of mixing angles in Ue and 11^ are maximal, and the 
others are small. The maximal mixing angles are assumed to be exactly maximal because 
they might be generated by a symmetry, and the small mixing angles are assumed to be 
0{9c)i which allows us to expand in them. We call a particular combination of maximal 
and small mixing angles a "configuration" . We study two of these configurations in Sec. [31 
where the stars refer to the small mixing angles: 

Configuration 1 with three max. mixing angles {6[2, 6*^3, 6*23, O'^^^ 9'(^, O^^) = (*, ^, ^, *, ^, *) 
Configuration 2 with two max. mixing angles {9I2, d[^, ^23; ^125 ^135 ^23) = (*; *; f 5 f 5 *; *) 

As we will demonstrate, both of these configurations lead to valid implementations of ?7pmns- 
We will use the currently allowed ranges for the observables to constrain the relationship 
between unphysical mixing angles and phases, and we will derive sum rules relating the 
observables. 

Connection to quark sector and complex mass matrices. In order to establish a 
connection between the quark and lepton sectors, quark-lepton complementarity (QLC) [14- 
17] has been proposed as a possibility to account for the differences between the quark and 
lepton mixings. In QLC, the quark and lepton mixing angles are connected by QLC relations 
such as 

Ou + ^c - 7r/4 . (5) 

Sum rules such as Eq. (^ do not only include observables from the lepton sector, but 
also the Cabibbo angle. They can be obtained if the mixing among the neutrinos and 
among the charged leptons is described by maximal or CKM-like mixing angles, such as in 
t^PMNS — V'(Ij^j^t/bimax or similar constructions [1,11,18-23]. Instead of relying on special 
cases, extended quark-lepton complementarity (EQLC) [2] is based on the hypothesis that 
all mixing angles can only be from the set {7r/4, e, e^, . . .} with e ~ 6cu Quite naturally, 
entangled maximal mixing configurations emerge from this assumption. In addition, it is a 
nice feature of EQLC to predict the textures of the charged lepton and neutrino mass matri- 
ces to be of the form Mij ~ e"'^ with Uij G {0, 1,2,.. .}, which allows for a direct connection 
to the Froggatt-Nielsen mechanism. Therefore, compared to many other approaches which 
focus on either the mixings or the hierarchies, EQLC aims to describe both the mixings 
and hierarchies. EQLC has successfully been applied to the see-saw mechanism [3], and 

"'^ Other parameterizations of t/pMNS as a function of 6c were, for instance, discussed in Refs. [24-28]. 



the effective 3x3 case has been extended to complex mass matrices [29]. For the seesaw 
case and real 77 = e ~ ^(7, a systematic connection to discrete ffavor symmetries has been 
established in Ref. [30], and a connection to SU(5) GUTs was studied in Ref. [31]. The 
order of magnitude relations for the neutrino masses for M^'^^ in Eq. ([T]) can in this context 
be written as 

mi : 1712 '■ rn^ = e^ : e : 1, mi : m2 : m^ = 1 : 1 : e, mi : m2 : ms = 1 : 1 : 1, (6) 

where mi, ?tt.2, and 7713, denote the masses of the 1st, 2nd, and 3rd neutrino mass eigenstate. 
The 1st, 2nd, and 3rd equation in Eq. ([6]) describe a normal hierarchical (NH), inverse 
hierarchical (IH), and quasi degenerate (QD) spectrum, respectivelyo We choose the NH 
case as an example for this study. 

In the second part of this study (c/.. Sec. S]), we extend the texture concept of Refs. [2,3,29] 
to the complex case. Similar to Ref. [2], we parameterize the small mixing angles 0{e) by 
powers of e ~ Oc-, i-e., e, e^, and 0. Here we assume that higher powers than two in the 
neutrino sector are absorbed in the current measurement precision, and we approximate 
these by zero. We then define a texture by the leading orders in e in the individual matrix 
entries, which are determined by the first non-vanishing coefficients. Compared to earlier 
works, we do not only use the absolute values of the leading order entries e", but also their 
phases n$ (except from a global phase, which can be removed for each matrix). This means 
that the leading order entry is given by 77" = e" exp(m<l>). For example, a texture may then 
read for the choice $ = 7r/2 as 

M,^"j ~ I r/ 7/ I = ( ee*i ee*f 1 , (7) 
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where a "0" corresponds to 0{e^) with an undefined phase. Note that in Froggatt-Nielsen- 
like (FN) models, one needs (at least) two standard model singlet flavon fields with different 
t/(l)FN charges in order to produce CP violation, because for one fields the phase can be 
gauged away (see, e.g., Refs. [32-34]). In this case, for patterns, such as in Eq. ([7]), it is 
required that one field dominate for mild hierarchies, such as the neutrino mass hierarchy. 
For example, one may have two different hierarchical VEVs, or two identical VEVs with 
very different [/(1)fn charges. In these cases, the neutrino mass matrix will be dominated by 
one field, but the other field can be present in the charged lepton and quark mass matrices 
(or in the texture zeros; c/., Eq. ([7])). The phase $ will then be the relative phase between 
the two VEVs of the fields. In addition, the order one coefficients are assumed to be real 
(and positive), c/., Eq. (I3l). The advantage of a texture definition such as Eq. ([71) is quite 
obvious: The condition to reproduce the correct powers of the phases in the texture leads 
to implications for the unphysical phases and the observables. In Sec. HI we study this 
condition in combination with the configurations from Sec. [3l its effect on CP violation, and 
the emerging connection between the quark and lepton sectors via e ^ 6c. 

Before we present our analysis in Sees. [3] and HI we summarize in Sec. [2] our notation and 
method. After our analysis, we summarize our results in Sec. O 



^For NH neutrinos, one can compute e from the current best-fit values, which gives 0.15 ^ e < 0.22 (3(t). 



2 Notation and method 

In this section, we clarify our notation and describe some details of our method used in the 
following sections. 

2.1 Sum rules 

Throughout this study, we will encounter a number of different sum rules depending on the 
configuration studied and input used. In order to qualify as a sum rule, we require either 
a simple, testable connection among observables, which can be used to falsify our model 
(sum rule types I and II), or a simple relationship among observables and one unphysical 
quantity which allows for a straightforward extraction of this unphysical quantity (sum rule 
type III). In addition, we require that there be only bare angles in our sum rules, i.e., that all 
trigonometric functions of the angles be expanded. For a systematic approach, we classify 
the sum rules according to the following scheme (with some examples from this study): 

Type I sum rules (lepton sector sum rules) Sum rules relating lepton sector observ- 
ables only; no unphysical quantities or model parameters are present in these sum 
rules. Example (c/.. Sec. 13.2.11) : 

This type of sum rules can be used to falsify our model if all of the contributing 
observables (at least two) are measured. It can be analogously translated in to the 
quark sector. 

Type II sum rules (QLC-type sum rules) Sum rules relating lepton and quark sector 
observables; no unphysical quantities or model parameters are present in these sum 
rules (see, e.g., Refs. [17,30,35]). Example (c/.. Table [5]): 

This type of sum rules can be used to falsify our model if all of the contributing 
observables (at least one from the lepton sector) are measured 

Type III sum rules (observable-model sum rules) Sum rules relating observables from 
one or both sectors to unphysical quantities or model parameters. We distinguish two 
types: 

Type Ilia sum rules relate observables to unphysical parameters, such as the mix- 
ing angles or phases in U^ or U^ (see, e.g., Refs. [13,20]). Example (c/., Table[5]): 

v2 4 



Type Illb sum rules relate observables to model parameters, such as the phase $ 
introduced just before Eq. (jTj). Example (c/., Table [5]): 

sin 6cp — v2 6c sin 2$ . 

These sum rules can be used to obtain (mo del- dependent) information on the unphys- 
ical quantities or model parameters if all of the contributing observables (at least one 
from the lepton sector) are measured. 

2.2 Parameterization of the mixing matrices 

Let us now give some details on the parameterization of our mixing matrices. A general 
unitary 3x3 matrix f/unitary can be written as 

C/unitary = T ■ diag (l, e'^\ e'^') ■ U ■ diag (e^^S e'^^ l)=r-D-U-K, (8) 

where the phases ifi, ^2, S-i, and q?2, take their values in the interval [0,27r], F is a global 
phase factor, and U is the (CKM-like) standard parameterization in Eq. (jlj). We then obtain 
the PMNS mixing matrix from the charged current interaction Lagrangian as 

t/pMNS = UJU^ = KJUJdIdMu K, = UJDU, K, . (9) 

Note that we have already ignored an unphysical overall phase in f/pMNS- Furthermore, 
as the last step, we have rotated away K^ by re-phasing the charged lepton fields, and we 
have defined D = DjD^. We define the remaining phases hj D = diag(l, e^'''^, e''^^) and 
Ki, = diag(e^"i, e'"^, 1). The effect of the phases in D has, for example, been discussed in 
Ref. [13]. The PMNS matrix in Eq. iQ can, physics-wise equivalently, be directly written 
as 

t/pMNS = UiU, = U ■ diag(e^<^\ e^'^^ 1), (10) 

where f/ is a CKM-like matrix that is on the form as in Eq. (jl]), and the phases 0i and 
02 are the Majorana phases. The CKM-like matrix U in Eq. (fTOl) is described by the solar 
angle 612, the reactor angle ^13, the atmospheric angle 623, and one Dirac CP-phase S, which 
we identify in the standard parameterization of Eq. (jl]) by using 6ij -^ dij and 6^6. Note 
that we have used Ui = Ui, and that we will use U'^ = D'fU[K'^ = U[K[ in Eq. ([2]), i.e., in 
all cases, i^^ = 1, i^^ = 1, and D'^ = 1. Consequently, D = D^ in Eq. dHDo With these 
restrictions, the set of parameters 

(^^2, ^fs, ^23, ^'. ^1^2, ^1^3, ^23, '^^ ^l. V^2, «1, «2) (H) 

fully determines Eqs. (II]) and (I9]). For our configurations, we will later on fix some of the 
^ij's to 7r/4, and assume the other ^j^'s to be small. For the phases, we initially do not make 



■^This restriction neither affects Eq. ^ and its fit to data, nor constrains tfie effective neutrino mass 
matrix Eq. (Jl]). In addition, the constraint Ki — 1 does not change Eq. ^ because it only appears a a 
product with K'^. However, the choices Di ~ D'^ ^ 1, which are multiphcd to Eq. ^ from the outside, 
hmit the set of allowed phases in Mi. One should keep this additional degree of freedom in mind when one 
interprets our examples for possible Me. 



any special assumptions. If one is interested in the specific form of the charged lepton mass 
matrix Eq. ([2]), one needs to specify the set of parameters 

«„<3,<3,5",«f,af) (12) 

as well. 

2.3 Calculation of observables by re-phasing invariants 



As soon as t/pMNS is computed from a set of parameters Eq. flTT|) used in Eq. ([9]) , one can 
extract the physical observables by using re-phasing invariants (see, e.g., Ref. [36]). We 
choose the three quadratic re-phasing invariants |f/i3p, |t/^23p and |f/i2p to determine the 
three angles 6*13, 6*23 and 6*12 as follows: 

Sin2 0i3 = |f/i3|2 (13) 



,2/) _ \U23 



|2 



sin^^23= , ' : I, (14) 
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sin^gi2= ^ ' : „ . (15) 



The observable phases 5cp and the two Majorana phases 0i and (j)2 sue determined with the 
quadratic invariant |?722p and these CP-odd quartic invariants: the Jarlskog invariant J = 
lm.{U22UiiU2iU^2) [37], (^13^11)^) and (f/i3f/i2)^- The two following equations determine 
^CP and its sign: 



J =Cl2C23Ci3S23Si3Si2 siu 5cP , 

TT \2 22,222 o X 

'^22| — C12C23 + ■Si2'523'^13 ~ C12C23S12S23S13/ COSOcP • 



(16) 



Since in our definition of the Majorana phases (in Eq. (ITOl) ) physical quantities depend only 
on 201 and 202, we only determine their double values as 

20i = -arg((?7i3f/ri)')-25cP, 

(17) 
202 = -arg((f/i3f/i*2)')-25cp. 

2.4 Consistency check with data 

As the last step, we will compare the extracted observables to data in order to check potential 
constraints on the unphysical quantities. Whenever we make quantitative estimates, we will 
use the following numbers [38]: 

sin2^i3<0.04 (3a), 

sin^ 9i2 = 0.3 ± 9% (la) , 0.24 < sin^ ^12 < 0.40 (3a) , 

sin^ 023 = 0.5 ± 16% (la) , 0.34 < sin^ 623 < 0.68 (3a) . (18) 

We choose the 3a allowed ranges, unless explicitely mentioned otherwise. 
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3 Entangled maximal mixing configurations 

In this section, we discuss two different configurations with maximal mixing angles in both 
Ui and Uy, where the stars denote small mixing angles 0{9c)'- 

1. Three maximal mixing angles: [Ol^, e{^, 6^^, O^^, O^^, 6^^) = (*, f , f , *, ^, *) 

2. Two maximal mixing angles: {Oi^, ^fg, ^23. ^i2> ^i3> ^23) = (*>*, f' f' *' *) 

Since the small mixing angles are 0{dc), we can use them for expansions. Note that these 
configurations are not the only ones leading to a valid f/pMNS- We show a list of possible 
configurations in App. \^ where we also describe the selection criteria for the ones discussed 
analytically here. Out of the 44 configurations found, 38 have entangled maximal mixings. 
Therefore, the cases discussed in this study might be rather typical than the remaining six 
configurations with maximal mixings in either Ue or Ui, only. 

As described in Sec. [21 we compute the observables using invariants, and we discuss the 
effects from the current bounds. Where applicable, we will discuss different implementations 
for the small mixing angles. Note that, at this point, we do not assume specific values for 
the small mixing angles, such as powers of 6c- Therefore, there will not be any connection 
to the quark sector yet. However, our conclusions will be less model-dependent than the 
ones from the following section. 

3.1 Three maximal mixing angles: {e^^, 6^^, 0^^, 0'^^, O"^^, 6^^) = (*, ^, ^, *, ^, *) 

This configuration is given by three maximal mixing angles, one in the neutrino sector, ^^3, 
and two in the charged lepton sector, 6{^ and ^23- Note again that the other mixings angles 
^125 ^125 ^^^ ^23 ^^6 assumed to be small, i.e., 0{6c), which means that we can use them 
for expansions. For the sake of simplicity, it is convenient to use some phase re-definitions 
for this configuration: 

X = 5^ -^1, p = 5^-5''-ip2, 7 = ^1 - (^2 • (19) 

With these re-definitions, we expand sin^ 9i^ to first order aqj 



sin^ 613 = cos /3 + 6*12 ( - cos (^ - /J) — cos S'^ 

8 4 \ 2 4 



^23|^cos7-^cos(7-/3)|+0(e^) 



(20) 



Here the symbol 6l stands for all small mixing angles and combinations thereof, such as 
^12^23 ^^"i (^23)^- Obviously, the zeioth order term in this expansion is given by 3/8 — 



''in the following, wc will expand the observables to the minimum order for which we recover the main 
qualitative features. For example, if the zeroth order vanishes, or the terms from different orders are 
numerically comparable, we will include higher orders. 



\/2cos/3/4, which means that sin^ 6'i3 is expected to be large. From Eq. (TTSi) . however, we 
know that sin^ ^13 < 0.04, which leads to cos/5 > 0.95 to zeioth order. 

The atmospheric mixing angle is given by 
2 



sin^ e. 



23 



5 + 2v^cos/3 
2 



+ p e{^ f-4 cos {6^ -(3) + V2cos6^ + 2 cos {6^ + /?) - 2^2 cos (2/3 - (5^ 

(5 + 2v2cos/?)2 V 

- ,, ^ i ^^23 (4 COS7 + 2v^cos (7 - /5) + v^cos (/3 + 7)) + 0(61). 

(5 + 2v2cos/^)"' ^ ^ 

(21) 

This implies that to zeioth order, we have sin^ ^23 = 2/(5 + 2-\/2cos/3). Since we have a 
lower bound for cos /? from the sin^ 6*13 upper bound, sin^ 623 must be smaller than maximal 
mixing. From the zeioth order constraint on cos/?, we obtain sin^ 623 ^ 0.26 to zeioth order, 
which is below the allowed range for sin^ ^23 in Eq- (IT8l) . Therefore, one has to include 
higher order corrections such that sin^ ^23 is shifted up into the allowed range. Nevertheless, 
it will stay on the lower edge of the allowed range, which makes this configuration easily 
testable in future experiments. 

As the third observable, the solar mixing angle is determined by 

sin^^ 

^" 5 + 2V2COS/3 

-ei^ (2 cos {6^ - /3) + 2 V2 COS 6^ + cos {6^ + f3) 

(22) 
^^3 ('4cos7 + 2V2cos(7-/3) + V2cos(/? + 7)') - 

-e'(J2cosx + V2cosix- f3)) +0(91) 
5 + 2v2cos/^ ^ ^ 

To zeioth order, sin^6'i2 = 2/(5 + 2v^cos/3) = sin^6'23. Together with the cos/3 > 0.95 
constraint to zeioth order, this implies that sin^ 612 — 2/(5 + 2\^) ~ 0.26 coincides very 
well with its current best-fit value. 

For the sake of simplicity, we just show the zeioth order contribution for sin 5cp and cos ^cp: 

. ^ (5 + 2v^cos/5)sin/? ^^,^ ^ , , 

sin^cp = ^ ^ ^ + 0(gfc) (23) 
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1 — 




'' 5 + 2V2COS/3 
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' (5 + 2v^cos/3)2 


4 




(5 + 2V2cos/3)2 
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a^ 



y^(-3 - 2 v^ cos (5) (-5 + 4 cos 2(5) 



a/2 cos /5 + 2 cos 2/5 ,^,^^ , , 

cos5cP = , V A^ ^ i± + 0(0,0- (24) 

V6 - 4v^cos/3(3 + 2v/2cos/5) 

Because cos/3 has to be large (and |/3| therefore has to be small), |sin5cp| is small and 
cos^cp is positive, i.e., (5cp is close to zero. Furthermore, sin(5cp has always the opposite 
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sign of sin/3. To zeroth order in the small mixing angles, \Scp\ ^ tt/S, which means that 
maximal CP violation requires higher order corrections. 

In summary, configuration 1 is characterized by large sin^ 6'i3, strong deviations from maxi- 
mal atmospheric mixing into the first octant, sin^6'i2 close to its current best-fit value, and 
6cp close to 0. Therefore, future improved bounds on sin^ 6'i3 and an improved precision for 
sin^ ^23 can easily test this configuration. Note that this configuration does not look com- 
patible with the tri-bimaximal mixing idea since sin^ 6'i3 is intrinsically large and sin^ 6'23 
strongly deviates from maximal mixing. Our procedure has been particularly simple in this 
case: We have expanded the observables in the small mixing angles, and we have discussed 
the implications of the current bounds on the unphysical quantities and observables. For 
example, we have found from the sin^ ^13 bound that cos /3 = cos{6^ — 6'^ — ^2) has to be 
close to one, and we have used this knowledge for the other observables. The next example 
will be more sophisticated in the sense that there are more qualitative cases. 

3.2 Two maximal mixing angles: (^f^, 0^^, 6*^3, fl^^, 6I-3, 0^^) = (*,*, 5, ^, *, *) 

This configuration 2 is characterized by one large mixing in each the neutrino and charged 
lepton sectors, namely 6^33 and 612- The small mixing angles ^fg^ ^13 > ^13 ^^^ ^23 are, except 
from sin^ ^13, expanded up to second order. Since there is one more small mixing angle than 
before, there is naturally more freedom involved in this case. 

Again, we start the discussion of the observables with sin^6'i3, which we expand to third 
order acl 

sin^ ^13 =i ei^^ + ^ ei^^ + e",^^ - cos y ei^ei^ + ^2 cos ((^2 + n ei^e^^ 

- V^COS (^2 -5' + 5n ey(, - 6 COS (^1 - ^2) ^^2'^23) (25) 

- 12 sin 6^ sin {ipi - (^2) ^12^13^23 + 6 cos {^i - ^2) ^13^^23 

- 6v^COS {6" + (^i) ^^2^13^23 - 6V2COS {6" + (^1 - y) ^^3^i^3e2^3 + 0(0^) . 

Since sin^ Oi^ is zero to zeroth and first order, it is intrinsically small compared to that of 
configuration 1. However, if the small angles are chosen comparatively large, it is possible 
to generate a sin^ 9is close to the current bound. There is already one important qualitative 
difference observable at this place, which is different from configuration 1: If all small mixing 
angles are zero, 6cp is not defined. This means that we will need to distinguish different 
cases determined by the non- vanishing small mixing angles. 

The solar mixing angle is given by 

sin^ 9u =- - ^ cos (^ - fi) e[^ - — cos(^i Oi^ 

(26) 

- i= cos ^2 ^^2^23 + ^ COS {d' - ^2) ^^3^23 + 0{el) , 



■^Wc expand sin ^13 to the third order in the small mixing angles because the leading contributions come 
from the second order terms, and the coefficients of the third order terms are comparatively large. 

9 



which is maximal to zeioth order. Therefore, in order to satisfy the bounds on sin^ Ou in 
Eq. (fT8|) . at least one of the two small charged lepton angles 6{2 or 6{^ has to be moderately 
large. Nevertheless, sin^ 9i2 close to its best-fit value will require some tuning of the phases. 
Note that once 6I2 or ^^3 is non-vanishing, an exactly vanishing sin^ ^13 in Eq. (1251) will also 
require some tuning. 

We expand sin^ ^23 to second order in the small angles: 

:i - COS (y.1 - ^2) e^23 - \ o[i + \ e[i + \ 



sin^ 023 =- - COS (y^i - V2) 0^23 - 7 ^u + 7 ^13' + 7 ^os 6' 9{,9{2 



- i= COS (^ -6''- ^2) ^L^rs - ^ COS {6-' + ^2) e'uO'^s + 0{9l). 



(27) 



Obviously, sin^ 623 is to zeioth order given by its best-fit value maximal mixing, and sin^ 6*12 
and sin^ 6*23 are identical to zeioth order. Therefore, we do not obtain additional constraints 
from Eq. (ITS]) . However, we will see that the higher order contributions lead to interesting 
observations for deviations from maximal mixing and the ^23 octant. 

As indicated above, we cannot calculate 5cp as a expansion in the small angles without 
further assumptions. If all of the contributing small angles are zero, sin^ 61^ will be zero, 
and hence 5cp will not be defined. In addition, at least one of the two angles 9\2 and 9{^ has 
to be sufficiently large to move sin^ 612 in the currently allowed range. Therefore, we choose 
three different sets of small angles: all small angles zero except 9{2i all small angles zero 
except 0^3, and 0^2 = ^13 = \/^23 with O^.^^ = 0. The third case will allow us to construct 
tri-bimaximal mixing. In the following, we expand the observable mixing angles to second 
order and the observable Dirac CP phase to first order. 

*-' X^ ' xo xo ^o 

In this case, we have 

(28) 

(29) 

(30) 

sin (5cp = sin ipi , cos 5cp = — cos y^i . (31) 

In Eq. (I29l) . we have to choose the product cosy^i 6{2 positive and moderately large in order 
to be within the allowed range for sin^6'i2. This implies a significant deviation of sin^6'i3 
from zero, and of sin^ 6*23 from maximal mixing. Note that 5cp is given by 5cp = vr — (/^i, and 
that cosipi is constrained by the bound on sin^6'i2 (c/., Eq. flTSl) ) by cosy^i > \/2/{lQ0[2). 
Therefore, (5cp tends to be close to tt, and maximal CP violation is forbidden because of 
cos(/?i > 0. Similarly, from 9{2 > -\/2/(10cosv9i) > v^/10, we obtain a lower bound 
sin^0i3 > 0.01. This bound lies within the range of upcoming reactor experiments, such as 
Double Chooz (see, e.g., Refs. [39,40]). 
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'l2' 


and e{^ 


= ^r3 = 


= ^23 


. 2 

sm 


0l3 


4(«' 


i ^2 
I2J ' 




sin^ 


^12 


1 

~2~ 


1 

v/2^°^ 


V^1^12 


sin^ 


^'23 


1 
~2~ 


\{0i2? 


•) 



As the next step, we can eliminate 6[2 in order to establish relationships among the physical 
observables. Such relationships are type I sum rules according to our definition: 

71" 

6'i2 - COS 5cp 6^13 ^ - . (33) 

The deviation from maximal mixing described by Eq. (1321) . which can be as large as 3% 
from the sin^ 6'i3 upper bound in Eq. fITS]) . is on the edge of future experiments (see, e.g., 
Ref. [41]). In Eq. (!33l) . the observables Ou, O13, and 6cp are related. Obviously, this case 
will be challenged for either better 6'i3 bounds, or a detection of 613 > together with 
cos(5cp > 0. 

3.2.2 Non-vanishing e{^, and O^^ = O'^^ = 6^^ = 

Here we find 

sin^^i3=^(^f3)', (34) 

sin2 e,2 =\-^ cos {b' - (^1) e[^ , (35) 

sm^^23=^ + ^(^y^ (36) 

sin ^cp = sin (^^ ~ V'l) 7 cos ^cp = cos (^ — (^i) . (37) 

Obviously, we recover the same structure as in the previous case with ^fg ^^ Q^^ and b^—'^\ ^^ 
(fii. The main differences can be easily seen in the type I sum rules 

^23 -^9!,^^, (38) 

vr 
9i2 + COS 6cp 6^13 ^ - . (39) 

Compared to Eq. fl32|) . 6*23 is now in the second octant, i.e., the deviation from maximal 
mixing is positive instead of negative. The difference between these two cases should now be 
measurable by future experiments, because it is twice as big as the deviation from maximal 
mixing. In addition, this comparison motivates a precision octant measurement, which could 
discriminate which of ^fg ^^cl 91^ dominates in this framework. Compared to Eq. ( l33l) . ^cp 
is now located at around instead of vr. This means that even if no CP violation is found 
in future experiments, it is interesting to distinguish these CP-conserving values (see, e.g., 
Ref. [42] for precision measurements of Sep). 

3.2.3 Large CP violation or tri-bimaximal mixing 

Here we discuss the case X = 91^ = 9[^ = ^^ and 9'(^ = 0, i.e., {9{2, 9[^, 9^^, 91^, ^13, ^23) = 
(X, X, ^, ■|,0,X^), in order to construct maximal CP violation or the tri-bimaximal case. 
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Mixing angle case (^12 '^13 


qE qu qu qu \ 
'^23''^12''^13''^23/' 


Observable 


(y,o,f,f,o,o) (o,y,f,|,o,o) 


[X,X, J, j,0,X ) 


^12 


~ 7r/4 + cos 6cp 6*13 ~ 7r/4 — cos 6cp ^13 


Any in currently allowed range 


^23 


^7T/A-ey2 ^'K/A + ey2 


Around maximal mixing 


^13 


>o.i >0.1 


Any in currently allowed range 


^CP 


~ vr ~ 


|sin<5cp|>O.4(if0i3>O) 



Table 1: Type I sum rules or approximative values/ranges for the observables Sqp, ^13, ^23 and 9i2 for 
the three cases cases of configuration 2 (c/., Sees. 13.2. 1[ 13.2.11 and 13.2.5)1 . The angle Y refers to a mixing 
angle in the range v^/10 ^ Y ^ dc, whereas the angle X lies within the range V2/20 ^ X < 9c- The 
conditions for the last column arc much weaker than in the other two cases, because the dependence on 
three unphysical phases allows for more freedom. 

For the observables, we find 

sm2^i3=X2(l-cos5^) , (40) 

sin^ 612= -j=X (cos (^ - ipi) + cos ipi) , (41) 

sin^ ^23 =i (1 + (cos y + 2 cos (y^i - ^2)) X^) , (42) 

. sm{S^ -ipi) +smipi cos {6'^ - ipi) - cos ipi 

smdcp = = , cosdcp = = . (43) 

V2-2cos(5^ V2-2cos(5^ ^ ^ 

In comparison to the previous cases, we can have a vanishing sin^ 6*13 here. Furthermore, 
sin^ 6*13 and sin^ 6'23 depend on the phase 6^. Except from that, the structure of the equations 
is similar to those of Sees. 13.2.11 and I3.2.2[ For X, we obtain from Eqs. (TT8|) and (HT!) the 
constraint X > ^^2/20 ^ 0.07. 

Let us now focus on the possibility of maximal CP violation, which was excluded in the 
previous cases. For maximal CP violation, cos(5cp = 0, and we obtain from Eq. P3l) 
tanipi = (1 — cos (5^) /sin (5^. Using this condition in Eq. (l40l) and Eq. (14T1) . one can show that 
sin^ 9i2 and sin^ ^13 are compatible with their currently allowed ranges. For CP conservation, 
however, we obtain from sin^cp = in Eq. (143|) the condition tampi = sm6^/{cos6^ — 
1), which is incompatible with the sin^^i2 allowed range. Therefore, CP conservation is 
excluded, and maximal CP violation is possible. More specifically, one can show that 
I sin^cpl ^ 0.4 for X < 6'c, i-e., |(5cp| > vr/8 for cos(5cp > 0. This implies that a future 
experiment will find the CP violation if the fraction of Sep, for which CP violation can be 
discovered, is about 75%. A neutrino factory would find such a CP violation for sin^ 26*13 ^ 
10"^ (see, e.g., Fig. 23 in Ref. [43]). 

We can construct tri-bimaximal mixing with this set of assumptions. For exactly tri- 
bimaximal mixing, the following equations have to be fulfilled: sin^ ^12 = 1/3, sin^6'i3 = 0, 
and sin^ ^23 = 1/2- From Eq. (140!) . we first of all obtain 6^ = 0. Therefore, Eqs. (14T!) 
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and (142|) simplify to 

sin^ eu=--V2 cos v^iX = - (44) 

sin^ ^23 =^ + XM - - cos ((^1 - (^2) j = ^ • (45) 

Eliminating ipi, the condition for tri-bimaximal mixing is then given in terms of ip2 and X 
as 

eos(^±^.)X = ^. (46) 

This condition can be fulfilled, for instance, for Lp2 = vr/3 and X = l/(6v^). This means 
that tri-bimaximal mixing can be constructed within configuration 2. Note that we have 
only expanded the small mixing angles to second order, which means that higher order 
corrections will act as small deviations from tri-bimaximal mixing. In addition, note that 
6cF is, of course, not defined if sin^ 613 is exactly zero. 

We summarize the three special cases discussed for configuration 2 in Table [H These three 
cases can be easily distinguished: If sin^ ^13 is much smaller than 0.01, we have the third 
case. If sin^ ^13 is large, we can use 6cp to disentangle all three cases. In addition, the ^23 
octant could be used to discriminate between the first and second case. 



4 Introducing mass matrix structure 

In the preceding section, we have not made any special assumptions for the small mixing 
angles in our configurations. In this section, we extend the preceding discussion by two 
additional aspects: 

• We assume that the small mixings angles 6'j^j, 6'f- in our configurations, which we have 
denoted by stars, can only come from the set {e, e^, 0}, where e ~ 9c- 

• We discuss our configurations together with specific mass textures of the form of 
Eq. (171) for M^^K This means that we include the form of specific mass matrices in 
the discussion, and that the individual texture entries can only be 

T,j = 7f^^ = e""^^ exp(mij<l>) (47) 

with Tiij G {0,1,2,...} and an arbitrary but fixed phase $. 

The first aspect establishes, similar to EQLC, a phenomenological connection to the quark 
sector. Therefore, we will obtain sum rules including the Cabibbo angle. The second aspect 
will constrain the physical observables and, especially, the Dirac and Majorana phases. In 
many cases, we will derive a relationship to the phase $. Of course, both of these aspects 
introduce more model-dependence than in the preceding section. However, we will also 
obtain stronger constraints from the textures. 



13 



12' 1^13' '^23' 
12i'^13i'^23J 



# ^1^2, ^^3'^'^' 






Maj 



(^12' ^13' ^23' '^ ) 6'5['2, ^13, 6*23, 5^ , (/?!, C/52, Oi , 02) 
^ Obs.: (sf2''^13''^23''^CP,'/'l,</'2) 



la (*, 4 5 T) *, 4 5 *) 



lb 



2a (*,*,f4,*,*) 



2b 



1 





1 





n 





1 





1 


1 


r? 


1 


r? 


r? 


ri 


1 


?? 


1 




1] 7] rj 
T] rj rf 



r] T] 



1 



f (eM,f,0,0,f, 0,0, 0,0, 0,0.79) 
Obs.: (0.29,0.03,0.25,0,0,3.9) 



f (0,f,f,0,e,f,e, 0,1.57, 0,0, 2.4) 
Obs.: (0.30, 0.03, 0.26, 1.0, 5.9, 0.70) 

f (0,f,f,0,eM, 6,3.1,5.2, 3.1, 0,2.1) 
Obs.: (0.29, 0.04, 0.31, 0.39, 3.1, 1.1) 



f (e,0,f,0,f, £2, 0,0, 0,3.1, 0,0.79) 
Obs.: (0.36, 0.01, 0.50, 3.1, 0, 0.79) 

f (e, e,f, 4.7, f, 6,0,1.6, 0,3.1, 0,0.79) 
Obs.: (0.36, 0.02, 0.47, 2.8, 0.15, 0.65) 



Table 2: Possible textures for our two configurations if the small mixing angles ("*") are chosen from 



the set {e, e^, 0} with e = 0.2 : 



Note that one configuration may allow for different textures depending 



on the choices of the small mixing angles. The parameter »7 = JTyj • exp(z<i>) — e • exp(i$). The first column 
# refers to the texture number, the second to the configuration, and the third to the texture T^^K The 
last two columns represent a possible implementation for each texture, i.e., specific choices of $, the mixing 
angles and phases. This implementation includes the parameters used in Eq. ([9]) (first row), we well as the 
corresponding observables (second row, where s^ ~ sin 9ij ) . Note that texture (or angle) zeros correspond 
to 0{e^) in this table. 

We list the textures which we will study in this section together with the corresponding 
configurations in Table [2l These textures have been found in Ref. [29] as valid patters 
which can be fit to data by appropriate choices of the order one coefficients. We give in the 
last column one possible set of parameters corresponding to Eq. ( ITT]) , which allows for a 
full construction of M^^^ including order one coefficients for the $ given in the second-last 
column (c/., Sec. [2]). In addition, for this set of parameters, the observables are given in the 
last column (second rows). The effective 3x3 Majorana texture is computed from Eq. ([1]) 
assuming a normal neutrino mass hierarchy of the form mi : m2 : rris = e^ : e : 1 (c/., 
Eq. ([6])). Note that for one configuration, there can be more possible textures, depending 
on the choices of the small mixing angles. Similarly, for one texture, there can be many 
valid sets of parameters, depending on the small mixing angles and phases used. 

Our procedure for this section is as follows: 

1. Given the textures in Tabled we compute the additional constraints on the unphysical 
parameters. We require that the textures satisfy Eq. (HTI) and the small angles be 
only from the set {e, e^, 0}. We list these additional constraints in Table [3l where the 
detailed procedure and a discussion of stability can be found in App. [Bl 
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Cond. 


Texture la 


Texture lb 




Texture 2a 


Texture 2b 


1 


(/?2 + ^'^ = 


ip2 + 6^ = 




^1=0 


ipi = 


2 


2(^2 + ^i+ 5") = 


= $ 2(^2 + Vi + Sn = 


= $ 


2(a2 - ip2) = ^ 


2(^2 - V52) = "^ 


3 


ei, = 0{e^) 


ifi + 6^ = <!> 




2$ = -5" - ip2 


$ = -5^^ - ^2 


4 


0^2, = 0{e') 


^23 = e 




ei, = e' 


^r3 = e 


5 








^23 = O(e^) 


^^3 = e^ (for all $) 
or ^2^3 = C(e3) 
(for<|.in{f,f}) 



Table 3: Complete set of additional constraints obtained from the textures in Table [21 The first column 
refers to the condition number, the other columns to the different textures. For texture 2b and 6*23 = e^, 
another non-trivial relationship ip2 = /(*&) can be derived, which can be simplified as ip2 — —2$. 

2. We apply the additional constraints in Table [3] to the analytical formulas obtained in 
Sec. O Now the observables depend on the configuration and texture, e, and a number 
of unphysical parameters. Note that we only allow for possibilities within the current 
experimental bounds. 

3. Neglecting higher order corrections, we use the analytical expressions to identify par- 
ticularly simple relationships among the observables which satisfy our criteria for sum 
rules in Sec. 12.11 In addition, we identify the allowed regions as a function of the 
phases $ and 6^ for configuration 2, and we relate these phases to (observable) CP 
violation or conservation. 



Note that one should regard the textures in Table [2] as the fundamental assumptions for 
this section, not the mixing angles from the above set, as it should be clear from App. [B] 
(see especially discussion in the very last paragraph). 

For textures la and lb from Table [2], we find that texture la is much more restrictive 
for the unphysical parameters than texture lb (c/.. Table [3]). For example, we obtain 
(sin^6'23)ia — 2/(5 + 2-\/2) — 0.26 to zeioth order, which is somewhat below the currently 
allowed 3cr range. Therefore, the texture will be under tension even for the currently allowed 
^23 range. In addition, we obtain a lower limit sin^ ^13 > 0.02 for texture la in comparison 
to Sec. 13. H which is within the reach of upcoming reactor and superbeam experiments. 
For texture lb, however, the observable mixing angles depend on the control parameter $. 
Since, for example, sin^ 613 and sin^ 6'23 strongly depend on $, it follows that not all possible 
$ are allowed from the current bounds, i.e., we need to approximately have $ close to 2.6 or 
3.7. For both textures la and lb, we obtain type Illb sum rule for the Majorana phase 
02 as 

{2(p2)la,lb-^ (48) 

to zeioth order, where maximal CP violation is obtained for $ = 7r/2 or 37r/2. On the other 
hand, 0i will not be constrained in any of our examples. One can easily see that for the 
two textures here by re-writing Eq. ([T]) as 



Mf "J = diag (1, e'^\e'^') ■ U, ■ diag (e' e' 



.1 2ia2 



1) ■t/J■diag(l,e^'^^e'^2) . (49) 
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Texture la Texture lb 

Obs. Sum rule/Range (type) Sum rule/Range (type) 

sin^ ^13 sin^ ^13 e [0.02, 0.04] sin^ ^13 - 0.04 

sin^ 9i2 sin^ 9^ ^ 2/(5 + 2^2) (I) 

sin^ 6*12 ~ 0.26 Any sin^ 612 in allowed range 

sin2^23 sin2^23-2/(5 + 2v^) (I) 

sin^ ^23 ^ 0.26 sin^ ^23 E [0.34, 0.35] 

6cp (5cp ~ (1 - 3V2)6^ (Ilia) - 

6cP G [0, 0.6], [5.7, 27r) 6cp G [0, 0.8], [5.5, 27r) 

202 202 ^ $ (Illb) 202 ~ $ (Illb) 

202 G [2.5,2.7], [3.6,3.8] 

Table 4: Type I and III sum rules according to our classification for textures la and lb, and approximate 
values/allowed ranges for the observablcs. The allowed ranges are obtained for e = 0.2 ~ 8c, $ varied within 
the allowed range, and all observables within their currently allowed 3a ranges (except for texture la. where 
sin 023 is slightly below this range). If no sum rule is given, we have not found one according to our 
definition. 



Since ai always appears as a product with e^ for the normal hierarchy, and since the tex- 
tures la and lb do not have entries 77^, we do not obtain a constraint on ai. From Eq. iQ, 
we read off that ai adds to 0i, which means that 0i remains unconstrained. We summarize 
the allowed ranges (for any allowed $) and sum rules for textures la and lb in Table HI 

For textures 2a and 2b from Table[2l we know from the discussion in Sec. l3.2l that sin^ ^13 
is zero if all of the small mixing angles are chosen to be zero, which means that ^cp can only 
be calculated for specific assumptions for the small mixing angles. In addition, sin^ 9i2 tends 
to be too large (close to maximal) for this configuration. Therefore, we focus on sin^ 6*12 
first. We obtain for both textures 



fsin^ 9 



I2)2a,2b 



1 
2 



—^ COS 6^ 9L 
\/2 " 



^ 9' 

7i " 



0{e' 



(50) 



We read off from this equation that at least one of the two angles 9{2 and 9^^ has to be 
of size e, since otherwise sin^ ^12 violates its currently allowed range (c/., Eq. (IT5]) ). The 
choices for 9^2 and 9^^ can only be (^'^27^13) G {(e, 0), (e, e^), (0, e), (e^, e), (e, e)} from our 
allowed set of mixing angles. There are then only two small mixing angles remaining: 9'^^ 
and ^23- For 9i^, we now have 9i^ = e^ (2a) or e (2b) from TableO Therefore, we cannot use 
9^^ = 0, as we have done in the special cases we have studied in Sec. 13. 2[ From Eq. fl50l) . we 
already observe that not every value for 6i can be chosen if 9{^ is used to obtain a sin^ 6*12 
within the currently allowed range. As we find from the analytical expressions, $ plays a 
similar role especially for sin^6'i3. Therefore, we obtain non-trivial constraints in the $-5^ 
plane from the currently allowed ranges, which will depend on the choices for 9^2 and 9{^. 
We show these allowed regions in the ^-6i plane in Fig. [1] for texture 2a (left column) and 
texture 2b (right column) as shaded areas. The different rows correspond to the different 
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Texture 2a {e\2, 0\j)=(€,O) 
*^ excluqed 

S=7T 



S=K 



6=7T 



3t! 



Texture 2b (S'l,, e',3)=(e,0) 



6=71 

1 
S=k, 


P 

1 
1 



3;r 2;r 



Texture 2a {e\2, 9\j)={0,e) 



Texture 2b (e[2, e\^)={0,e) 



4 
3i 





in 



2 
3jr 



Texture 2a (^l,, e'i3)=(e,e) 




a=3;r/2 (5=3^/2 



J;t ^;r 



2 
3;r 



Texture 2b (flij, 6»'i3)=(e,e) 



S=7t/2 




S=3k/2 



Figure 1: Allowed (shaded) regions in the $-(5^ plane for texture 2a (left column) and texture 2b (right 
column) at the 3ct confidence level. The different rows correspond to the different (^12,^13) cases, as given 
in the panel captions. In the first two rows, the corresponding allowed regions for the perturbed cases 
(^12' ^13) ~ (f'^^) ^i^d (e^,e), respectively, are illustrated as dashed curves. In each panel, the sohd curves 
mark four different cases for Sqp'- Sqp = (thick black), ^cp = 7''/2 (thick gray), 6cp = tt (thin black), 
and ^cp = 37r/2 (thin gray), i.e., gray curves correspond to maximal (Dirac) CP violation. In addition, the 
light (dark) shading within the regions refers to Sep closer to CP conservation (violation). 
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(^125^13) cases, as given in the panel captions. The dashed curves in the upper two rows 
represent the perturbed cases {0{2,0{^) = (e, e^) and (e^,e), respectively. Obviously, the 
deviations from the main cases (e, 0) and (0, e) are small. Therefore, we focus on the three 
cases (^f2,^f3)e{(e,0),(0,e),(e,e)}. 

Following the procedure outlined above, we find a number of type 11 and 111 sum rules and 
restrictions for the allowed observable ranges for the different {0i2i ^13) cases. We summarize 
our results in Table [51 As we have already mentioned in Sec. [2], the purpose of the sum 
rules can be very different, depending on the type. Here the type 11 sum rules can be 
used to falsify a model, whereas the type 111 sum rules can be used to actually measure an 
unphysical or model parameter within the respective model. From Table Owe read off that, 
depending on the choices for the small mixings angles, either $ or 6^ can be reconstructed 
in many cases - such as from a measurement of 612 or ^13. Note that the allowed ranges 
in this table assume that any allowed value can be chosen for $. In a specific model, 
however, $ can be a fixed parameter. If the observable is a function of $ (and possibly 
other parameters), the allowed range will be constrained for a specific choice for $. In 
particular, we find that for both textures 2a and 2b, the parameters $ and 6^ control the 
value of 6cp in all cases. We illustrate this dependence for the different cases in Fig. [H 
where the different curves correspond to 6cp = (thick black), 6cp = vr/2 (thick gray), 
Sep = TT (thin black), and 6cp = 3ii/2 (thin gray), i.e., gray curves correspond to maximal 
(Dirac) CP violation. In addition, the light (dark) shading within the regions refers to 
^cp closer to CP conservation (violation). In order to construct a model with (Dirac) CP 
violation, it turns out that texture 2a together with the choice (^12; ^13) = (^ 7 e) (lower 
left panel) produces CP violation for any value of $. For specific values of $, texture 2b 
works in all cases of {0{2, ^ia) (right column). In these cases, the value of 6cp will be mainly 
controlled by $, and the value of 6^ is of secondary interest. The appearance of precisely 
the unphysical quantities $ and 6^ is not accidental. In Sec. HJ we have assumed that the 
Majorana neutrino mass matrix has a certain structure related to a model parameter $. 
However, we have not made any similar assumptions for the charged lepton mass matrix. 
Therefore, it is not surprising that one phase degree of freedom from each the neutrino and 
charged lepton sectors is remaining. The neutrino sector unphysical phases are, however, 
strongly determined by $ and the texture. If one used similar assumptions for the charged 
lepton sector, one might be able to constrain 6^ as well. 

5 Suminary and conclusions 

In this study, we have focused on three key aspects: Entangled maximal mixings in ?7pmns = 
UJUu, i.e., maximal mixing angles in both Ui and U^, CP violation in complex mass matrices, 
and a connection to the quark sector. Large mixing angles in both Ue and Ui, can be 
motivated by Froggatt-Nielsen-like models, in which they naturally appear in both the 
charged lepton and neutrino sectors. The discussion of complex mass matrices can be 
motivated by the construction of CP violating models, and the connection to the quark 
sector can be motivated by quark-lepton unification. 

In the first part of the study, we have focused on the aspect of entangled maximal mixings. 
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Obs. 



Texture 2a 

Sum rule/Range 



sin^ 9r3 9^^ ~ i ^^ + ^2 cos (2$) 9^ 
sin^^ia G [0.01,0.03] 



Texture 2b 

type) Sum rule/Range (type) 



sin^^ 
sin^ 9^ 

Sep 

202 



12 



23 



^12 + ^^C^f 

sin^ 9u ^ 0.36 

^23 + i^^^f 

sin^ ^23 ^ 0.49 
sin(5cp — V^Oc sin 2$ 
5cP G [2.9, 3.4] 

202 ^$ 

No restriction 

" '" sin2ei3 e [0.01,0.03] 
9,2 + j^cos6'9c-i 
sin^ 9u e [0.36, 0.4] 

^23 -\oh^j 

sm^923 ^0.51 



Illb) 9f^-9l (1 + V2cos<l>) 

sin^ ^13 G [0.003, 0.04] 
11) 



^12 + 75 ^, 



sin^^ 



12 



0.36 



n) - 

sin^ ^23 e [0.48, 0.51] 
Illb) sin^cp ^ ,^"'"'^ 

V3+2\/2cos<I> 

<5cpG [0,1.9], [4.4, 27r) 
Illb) 202 - $ 

202 G [1.9,4.4] 



(Illb) 
(11) 



(Illb) 
(Illb) 



sin^ 6^13 
sin^ 9i2 



sin^ 6*23 



(^CP 

202 



5cpG[-l.l,l.l] 



:~ $ 



No restriction 



sin^ ^13 G [0.003, 0.04] 
Ilia) 9u + j^cos6'9c^l (Ilia) 

sin^ ^12 G [0.36, 0.4] 

11) - 

sin^ ^23 e [0.44, 0.54] 

5cp G [0.4, 27r - 0.4] 
Illb) 202 ~ $ (Illb) 

202 G [-2.0,2.0] 



(^12' ^13) — (^'^) 



sin^ 6^12 


^12 + ^^c(l + COs50^f 


sin^ 6*23 


^23-i^2^COSy^f 




sin^ ^23 G [0.49, 0.52 


<^CP 


6cP G [0.9,2.7], [3.6,5.4] 


202 


202 ~<l> 




No restriction 



Ilia) 9u + j^9c{l + cos6' 
Ilia) - 

sin^ ^23 e [0.43, 0.55] 

No restriction 
(Illb) 202 ~ $ 

202 G [0.3,6.0] 



~ 4 



(Ilia) 



(Illb) 



Table 5: Type II and III sum rules according to our classification for textures 2a and 2b, and approximate 
values/allowed ranges for the observables. The allowed ranges are obtained for e = 0.2 ~ 9c, $ varied within 
the allowed range, and all observables within their currently allowed 3cr ranges. The corresponding allowed 
regions in the <I>-5 plane can be found in Fig. [TJ If no sum rule is given, we have not found one according 
to our definition. 
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and we have discussed two specific configurations with mixing angles in Ui and 1/^ which 
can be either maximal, such as from a symmetry, or small (referred to by stars): 

Configuration 1 with three max. mixing angles {6{2, 0{^, 6^23, 0'[2, ^13, 6^23) = (*, f , f , *, f , *) 
Configuration 2 with two max. mixing angles {9{2, d{^, Oi^, O^^ ^13) ^23) = (*' *' f' f' *' *) 

We have not made any further specific assumptions for the small mixing angles, expect that 
they are as small as they can be used for expansions. We have then computed the observables 
using invariants, and we have discussed the constraints from their currently allowed ranges. 
We have demonstrated that configuration 1 clearly prefers sin^ ^23 off maximal mixing at the 
lower end of the currently allowed range, sin^ 6*12 close to its best-fit value, sin^ 6^13 large, and 
6cp — 0. Configuration 2, on the other hand, prefers small sin^ 6*13, sin^ 6*12 at the upper end 
of the currently allowed range, and sin^ 623 close to maximal mixing. We have distinguished 
three different cases for configuration 2, which lead to different results for sin^6'i3, 5cp, and 
sin^ ^23- For example, we have found that testing the ^23 octant and 6cp quadrant sum rules 

^23 ± 2^13 - ^ > ^12 T cos Sep ^13 ^ ^ (51) 

may reveal if ^^2 (upper signs) or 6{^ (lower signs) is dominating. In addition, we have 
demonstrated how the tri-bimaximal mixing case can be constructed using configuration 2, 
and how CP violation can be obtained for 6{2 = ^13 = (^23)^- O^^ estimate for the required 
experimental performance to find CP violation in that case requires a CP fraction of 75%, 
i.e., CP violation needs to be discovered for 75% of all (true) values of 6cp. In addition, 
the different qualitative cases discussed for configuration 2 have clearly demonstrated that 
sin^2^i3 alone is not sufficient as a performance indicator. If sin^ 6'i3 > 0.01 within the 
Double Chooz accessible range, 6cp can separate all the different cases. If sin^ 613 < 0.01, 
two cases can be excluded. Similarly, a precision sin^ 6'23 octant measurement has turned 
out to be a good indicator. 

In the second part of the study, we have linked the aspects of entangled maximal mixings 
and CP violation in complex mass matrices. We have assumed a normal hierarchy and 
specific complex neutrino mass textures for the effective 3x3 case, which are of the form 
Tij = 7]""*^. Here 77 is a complex number and Uij are real integer numbers. In this case, a 
unique phase $ = arg?7 controls the CP violation coming from the neutrino sector. In a 
Froggatt-Nielsen-like mechanism, it might be introduced as the relative phase between the 
VEVs of two Standard Model singlet scalar flavons fields, if the order one coefficients are 
assumed to be real and one field dominates the neutrino mass matrix. In that case, the rii/s 
are then solely determined by the quantum numbers of the fermions under a fiavor symmetry. 
In order to establish a connection to the quark sector as well, we have, in the (extended) 
quark-lepton complementarity fashion, assumed that |?7| = e ~ 9c, i.e., rj c:=:. 6c exp(2$), 
and that all small angles can only be from the sequence (e, e^, . . . , 0). An example for such 
a complex texture can be found in Eq. ([7]). 

We have demonstrated that the additional assumption of specific mass textures reduces 
the parameter space for the unphysical parameters significantly. In addition, a number of 
observables can be related to the model parameter $. For example, the Majorana phase 
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202 (c/., definition in Eq. (fTOj) ) has turned out to be approximately $ in all cases to leading 
order, which means that maximal Majorana CP violation is obtained for $ G {7r/2, 37r/2}. 
For configuration 2, we have again distinguished different cases, where $ and 5^ have turned 
out to be the control parameters. We have demonstrated how to construct models with large 
CP violation, where, to a first approximation, $ controls the specific value of 5cp. However, 
in one case, CP conservation can be excluded for any $. We have summarized the allowed 
ranges in the $-5^ plane in Fig. [H where one can also read off the values of 5cp as a function 
of these control parameters. In addition, we have summarized all important relationships 
and observable constraints in Table O 

As a very interesting feature of this study, a number of qualitatively different sum rules have 
emerged. Since the term "sum rule" is used in different contexts in the literature, we have 
defined it for our study, and we have classified the sum rules into three categories: Type I 
sum rules relate lepton sector (or quark sector) observables only. They can be used to falsify 
a model if all of the contributing observables (at least two) are measured (see, e.g., Eq. (13T]) ). 
Type II sum rules (QLC-type sum rules) relate at least one lepton sector observable with 
quark sector observables, such as the Cabibbo angle. They can be used to falsify a model if 
all of the contributing observables (at least one from the lepton sector) are measured (see, 
e.g., Table [5]). Type III sum rules relate lepton or quark sector observables with unphysical 
quantities (type Ilia), such as the phase 5^, or model parameters (type Illb), such as the 
phase $. They can be used to obtain information on the unphysical quantities or model 
parameters with a specific model (see, e.g., Tabled]). In order to qualify as a sum rule, there 
can be only one such unphysical quantity according to our definition. 

In conclusion, we have combined a number of aspects in this study: The concept of entangled 
maximal mixings, the concept of complex textures of the form T^ = ry"'^ as powers of a 
single complex number 77, and the concept of quark-lepton complementarity for a connection 
to the quark sector. In addition, we have encountered a number of different classes of sum 
rules, which we have systematically studied. Our concepts have used specific configurations 
of maximal and small mixing angles, specific textures, and a normal neutrino mass hierarchy. 
However, they can be applied to different cases in the same way. In addition, note that we 
have considered the full complex case without any a priori assumptions on the unphysical 
phases. Finally, our concept of complex textures allows for a direct connection to discrete 
flavor symmetry models, such as in Ref. [30] on the one hand side, and for specific testable 
conclusions for future experiments on the other side. These conclusions are not only limited 
to performance indicators such as ^13 and deviations from maximal mixings, but are also 
applied to the Dirac and Majorana CP phases. For example, it has turned out that the 
value of (5cp is a good performance indicator, even if no CP violation can be established. 
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A All possible found configurations 

In Table |6l we list all possible configurations that we have found by choosing the mixing 
angles from the set {7r/4, e, e^, 0} (for e = 0.2). In this table, we list the configuration, a 
possible implementation with a set of specific unphysical parameters in Eq. flTTl) . and the 
corresponding physical observables. We require that the implementations pass the selection 
criterion 

^ fsm'^9i2-0.3V /sin2e23-0.5\^ 2. 

' ^ ( 0.3x0.09 ) + ( 0.5 X 0.16 ) ^ ''■''• ™' "- ^ ° °^ ■ (^2' 

This selector corresponds to compatibility at the 3a confidence level (c/., Eq. (TTS!) ) with 
a Gaussian x^ estimate for sin^ ^12 and sin^^23 (2 d.o.f.), and a hard cut for sin^^ia. We 
do not show ai and 02, which can take any value because these phases simply add to 
the Majorana phases 0i and 02 for which we have not imposed any constraints yet. For 
the same reason, we do not show 0i and 02- From the table, we can read off that we 
find a valid implementation for t/pMNS for 44 out of the theoretically possible 2^ = 64 
configurations. Many of these configurations lead, however, to anarchic or semi-anarchic 
textures. The particular (subjective) choice of the two configurations in this paper is based 
on the following criteria: 

• We have maximal mixings in both Ug and f/j^ 

• We obtain interesting textures from the configuration, such as no anarchic patternq^ 

• We find solutions for the corresponding textures satisfying Eq. ( l47|) for specific $ 



• We find solutions for M^ as well satisfying these criteria (which is not a necessary 
condition, but might be required depending on the model) 

• We find a strong impact of the condition Eq. (H7j) together with the corresponding 
textures on the allowed observable ranges 

Therefore, we choose configurations #2 and #6 from this list for a more detailed analysis 
in this study. 

B Additional constraints from textures 

Here we clarify our definition of a texture, and we demonstrate how we derive the additional 
constraints coming from Eq. (1471) . First of all, we refer to the effective Majorana neutrino 
matrix entries as (M^^-')jj, whereas the texture entries are referred to as Tij. In order to 
obtain the texture entries, we expand 

{M^%j = Mf +Mife + M^f e^ + 0{e^) , (53) 



'Specifically, configurations with many maximal mixing angles tend to produce anarchic textures. 
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0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.22 
0.22 
0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.31 
0.29 
0.30 
0.30 
0.30 
0.30 
0.29 
0.30 
0.30 
0.30 
0.22 
0.30 
0.30 
0.30 
0.30 
0.30 
0.30 
0.29 
0.30 
0.29 
0.30 
0.30 
0.31 
0.29 
0.30 
0.30 
0.31 



0.04 
0.01 
0.02 
0.02 
0.04 
0.04 
0.01 
0.00 
0.00 
0.04 
0.04 
0.04 
0.02 
0.04 
0.02 
0.02 
0.02 
0.04 
0.04 
0.00 
0.02 
0.02 
0.03 
0.04 
0.04 
0.03 
0.04 
0.04 
0.03 
0.00 
0.03 
0.03 
0.01 
0.03 
0.04 
0.04 
0.04 
0.04 
0.04 
0.00 
0.04 
0.03 
0.04 
0.02 



4.70 
2.56 
2.93 
3.47 
0.98 
0.95 
2.87 
2.61 
2.61 
0.61 
4.49 
0.46 
4.62 
6.05 
3.88 
3.89 
3.11 
0.67 
5.60 
4.66 
6.14 
5.28 
3.37 
3.50 
2.75 
4.73 
6.05 
5.12 
0.29 
0.00 
0.27 
2.27' 
5.89 
1.53 
4.76 
1.41 
2.85 
4.47 
4.44 
4.71 
1.89 
4.34 
3.77 
3.12 



Table 6: All possible configurations (and implementation examples) found in the study. See main text 
for more explanations. 



23 



with e c::i 9c real, which means that the M^ • 's are complex numbers. Let the first non- 
vanishing coefficient for any i, j be M^"' , i.e., \M^^' \ > and |M^^^ | = for all r < Uij. 
Then, if Eq. (H71) holds, the leading order term can be written as 

^K.) ^n,, ^ gin ^ j^,, ^n., ^ gin ^ j^,, (^^n,, gi*n,,-) ^ ^in ^ j^,, rj.^, (^54^) 

with Kij > 0, real, and order unity, 11 a global phase independent of i and j, and M the 
absolute neutrino mass scale. Therefore, the texture entry Tij is defined as Tij = rj"^'^ . The 
matrix is therefore determined by the texture entries Tij except from a global phase (which 
can be absorbed in the field definitions), the absolute neutrino mass scale, real order one 
coefficients Ktj, and higher order correctionsij If all M^- = for < k < 2, we use 
a texture "zero" with an undefined phase. This cutoff can be motivated by the current 
measurement precision, which does not allow for the discrimination of higher order terms. 
Consequently, we only choose values e, e^, and for the small mixing angles, where the zero 
refers to mixing angles (9(e'^)|f| 

As the next step, let us illustrate how we obtain additional constraints from the textures. For 
a given configuration, we compute (M^^J)jj in Eq. ([T]) using M^"^^ oc (e^,e, 1) and Ui, from 
the respective configuration. We apply Eq. (153|) to {M^^^)ij and identify the leading order 
term. Then we obtain the texture entry T^j from Eq. (154|) by neglecting M Kij (we keep the 
global phase to explicitely eliminate one of the phases). We refer to this texture extraction 
mechanism as "(Mj^'^J)jj —>■ e'^^Tij" . The texture entry Tij has then to be matched to the 
corresponding texture in Table [H which leads to additional constraints for the neutrino 
parameters. These constraints may in some cases depend on $. Note that not all of the 
neutrino parameters can be constrained by this procedure, and that the charged lepton 
parameters in Ui remain untouched. One could extend this procedure to the charged lepton 
sector with corresponding textures, but this would be way more complicated because of the 
additional freedom coming from 1/^ in Eq. ([2]). In addition, in Froggatt-Nielsen-like models, 
a second field could be present in the charged lepton mass matrix in order to produce the 
stronger hierarchy. 

Let us illustrate the texture extraction with several qualitatively different examples from 
configuration 1 (the examples hold for both textures la and lb). First of all, we compute 
{M^^^)ij from Eq. ([1]), and expand it according to Eq. fl53l) . For the 11-element, it is 
sufficient to expand to zeioth order as 

{M^^^)u = -e-^'^" + 0(e) ^ e*" Tn = e*" 1 , (55) 

where the "1" on the right is the 11-texture entry Tn from Table [2l Therefore, we can fix 
the global phase as 11 = —26'^, and we do not obtain any conditions for the angles. Similar 



^Here the underlying assumption is that the complex phases in M^^'^, and therefore the observables, are 
to leading order determined by 77"'^ (c/., Eq. ^). However, higher order corrections are used in Refs. [2,3,29] 
to fit the data, which means that they need to be absorbed in the leading order one coefficients Kij . In the 
complex case, these higher order corrections can have complex coefficients, which means that the leading 
order Kij^s are, in practice, not real but only "sufficiently real" . One can show that "sufficiently real" means 
that |arg(ify)| < 9c — 12°. Our conclusions for the phases will therefore only hold up to this precision. 

^In some cases, we will use expansions up to the third order if there are no zcioth and ffist order terms. 
In this case, the contributions of the third order terms could be sizeable. 
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to that, we will always choose a texture entry Tij = 1 to fix the global phase. We then 
expand the element (M^^J)22 to first order as 

(M,^^j)22 = e2^("2+^i) e + 0{e^) -^ e"^ T22 = e'" e e** . (56) 

Here the e conies from the diagonal neutrino mass matrix M^"^^. Again, we obtain no 
condition for the angles, but only for the phases: 2{a2 + ^i) = n + $, or 2{a2 + (pi + S,^) = $. 
It relates a combination of unphysical phases to the model parameter $. The next element 
(M^^'')i2 is, to second order, given by 

'^ 2 ^^ 72 |e*nTi2 = e*nr/ (lb) 

This example nicely demonstrates the appearance of a mixed ^^"2 e-term, where the e comes 
from the neutrino mass hierarchy M^^'^^ = (e^,e, 1). Compared to the previous section, 
where we assumed the small mixing angles to be 0{e) in order to expand in them, we now 
have a discrete set of possibilities O^j, 9fj G {e, e^, 0}. In the expansion Eq. (!53|) . however, the 
order of 6'j^j is not specified without additional assumptions. Therefore, the initial expansion 
will contain e's as well as Oi/s. For texture la, T12 is zero, which means that all terms 
of the order lower than e^ have to vanish. Therefore, we have to choose 62^ = 0{e^) and 
612 = 0{e^) as that they only appear in combinations 0{e^). For texture lb, T12 is 77, which 
means that {M^^^)i2 must have a non- vanishing first order term. That can only come from 
6*23 = e because 9'^2 = ^(^)- For the phases, we obtain in this case (/?i — ^'^ = 11 + $, or 

We calculate the conditions on the angles and the phases for the other matrix elements and 
textures in the same way. The complete list of results are given in Table [31 Note that we 
do not use cancellations of terms to derive these constraints. For example, in Eq. 05 7p . one 
may as well choose ^23 = f; ^12 ~ ^/v^, and appropriate phases to cancel the two terms 
and have T12 = 0. In this case, 9^2 is not chosen from the set {e, e^,0}, but is only of the 
order e. However, as a consequence, the conditions derived from this choice would not be 
stable under the variation of the angles by order one coefficients. For our choices, the angles 
and the mass hierarchy entries can be varied by order one coefficients, and therefore, our 
conditions are stable. Conversely, a variation of the order one coefficients in the textures 
does not change our conclusions as long as the phases of these variations are 0{6c)- This 
aspect might be relevant for Froggatt- Nielsen-like models, where, in general, arbitrary order 
one coefficients are allowed. The stability criterion will hold until we use a specific e = 0.2 
for numerical estimates, or we replace e ^ 6'c to derive type II (or type HI) sum rules. 
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